On the principles of B-smooth 
discontinuous flows 

E. Akalm, M. U. Akhmet * 

Department of Mathematics and Institute of Applied Mathematics, Middle East 

Technical University 

Address: M. Akhmet, Department of Mathematics, Middle East Technical Uni- 
versity, 06531 Ankara, Turkey 

e-mail: marat@metu.edu.tr; cigdemebru@hotmail.com 
fax: 90-312-210-12-82 

1991 Mathematics Subject Classification: 37-99; 34A37 

Abstract 

In this paper, we define B— smooth discontinuous dynamical systems 
which can be used as models of various processes in mechanics, electronics, 
biology and medicine. We find sufficient conditions to guarantee the ex- 
istence of such systems. These conditions are easy to verify. Appropriate 
examples are constructed. 

1 Introduction and Preliminaries 

A book P edited by D.V. Anosov and V.I. Arnold considers two fundamentally 

different Dynamical Systems (DSs) : flows and cascades. Roughly speaking, 

flows are DSs with continuous time and cascades are DSs with discrete time. 

One of the most important theoretical problem is to consider Discontinuous 

Dynamical Systems (DDSs). That is systems whose trajectories are piecewise 
* Corresponding author. M.U. Akhmet is previously known as M. U. Akhmetov. 
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continuous curves. It is well-recognized (for example, see [2]) that the general 
notion of such systems was introduced by Th. Pavlidis |S!-|S!, although particular 
examples (the mathematical model of clock |ni-[H] and so on) had been discussed 
before. Some basic elements of the theory are given in [Hj-fS!- Analysing the 
behavior of the trajectories we can conclude that DDSs combine features of 
vector fields and maps, they can not be reduced to flows or cascades, but are 
close to flows since time is continuous. That is why we propose to call them also 
Discontinuous Flows [DFs). Applications of DDSs in mechanics, electronics, 
biology and medicine were considered in 0-05 [IHI - [Hj- Chaotic behavior 
of discontinuous processes was investigated in ^1 Ej- One must emphasize 
that DFs are not differential equations with discontinuous right side which often 
have been accepted as DDSs jTH|. However, theoretical problems of nonsmooth 
dynamics and discontinuous maps jUj-ISZI are also very close to the subject 
of our paper. One should also agree that nonautonomous impulsive differential 
equations, which were thoroughly described in jTOj and [12j, are not DFs. 

Papers of T. Pavilidis and V. Rozhko ^I] contain interesting practi- 

cal and theoretical ideas concerning the DFs. They formulated some important 
conditions on differential equations, but not all of them were used to prove basic 
properties of DFs. Some aspects of DFs on manifolds were considered in pHj . 
One must remark that the authors of the paper formulated conditions for the 
group property, but as is demonstrated by example 19.31 of our paper those condi- 
tions do not guarantee it. In that paper the smooth impulsive flow was claimed to 
be considered, but differentiable dependence, as well as continuous dependence, 
were not defined and investigated. Thus one can say that the complexity of DFs 
necessitates more careful investigation. And our article can be considered as an 
attempt to give a rigorous description of DFs. 

The paper embodies results that provide sufficient conditions for the exis- 
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tence of a dijferentiable DF. Since DFs have specific smoothness of solutions 
we call these systems B-differentiable DFs. Apparently, it is the first time when 
notions of B— continuous and B— differentiable dependence of solutions on ini- 
tial values 1301 inij are applied to described DDSs and sufficient conditions for 
the continuation of solutions and the group property are obtained. A central 
auxiliary result of the paper is the construction of a new form of the general 
autonomous impulsive equation (system (Q)). Effective methods of investigation 
of systems with variable time of impulsive actions were considered in |10t I12j. 

EOl- 

Let Z, N and M be the sets of all integers, natural and real numbers, respec- 
tively. Denote by || ■ || the Euclidean norm in M", n G N. Consider a set of 
strictly ordered real numbers {Oi}, where the set A of indices is an interval of 
Z/{0}. 

Definition 1.1 The set {6i} is said to be a sequence of (3 — type if the product 
"i > for all i and one of the following alternative cases holds: 

(a) {e.} = 0; 

(b) {6i} is a finite and nonempty set; 

(c) {6i} is an infinite set such that \6i\ —* oo as \i\ oo. 

From the definition, it follows immediately that a sequence of (3 — type does not 
have a finite accumulation point in M. 

Definition 1.2 A function (p : M — > is said to be from a space VC(R) if 

1. ip{t) is left continuous on M; 

2. there exists a sequence {di} of (3~ type such that is continuous if t ^ 6i 
and if has discontinuities of the first kind at the points di. 
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Particularly, ^(R) c PC(M). 

Definition 1.3 A function ip{t) is said to be from a space VC^{R) if ip' G 

rc{R). 

Let T be an interval in M. 

Definition 1.4 We denote hyVC{T) andVC^{T) the sets of restrictions of all 
functions from VC(R) and VC^(R) on T respectively. 

Let G be an open subset of M", Gr be an r— neighbourhood of G in for a 
fixed r > and G C G^ be an open subset of M". Denote as $ : G — > M be 
a function from G^{G) and assume that a surface F = (0) is a subset of 
G, where G denotes the closure of the set G in M". Moreover, define a function 
J : Tr G , where is an r— neighbourhood of F. We shall need the following 
assumptions. 

CI) V<l>(x) 7^ , Vx e F; 

C2) J e G\rr), det[^] ^ 0, for all x G F. 

One can see that the restriction J|r is a one-to-one function. Let also F = 
J(F), f C G. If l>(x) = ^{J~\x)), X ef then f = |s G G| <l (x) = o| . It is 
easy to verify that V$(x) 7^ 0, Vx G F. Condition Gl) implies that for every xq G 
F there exists a number j = l,n and a function ip^o (a^i, • • • , Xj-i, Xj+i, . . . , x„) 
such that in a neigbourhood of xq the surface F is the graph of the function 
Xj = {pxf^{xi, . . . , Xj_i, Xj+i, . . . , Xn). The same is true for every xq G F. 

Remark 1.1 One can see from the description of T and F that the surfaces are 
G^ boundaryless n — 1 dimensional manifiods 

Consider the following impulsive differential equation in the domain D = G U 
TUT. 

x'{t) = f{x{t)), {x{t) ^ F A t > 0} V {x{t) ^ f A t < 0}, 
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x(t+)|^.(t_)erAi>o = J{x{t-)), 

x(t-)L(i+)ef;,,<o = J-'(x(t+)). (1) 

Denote by dA the boundary of a set A. We make the following assumptions 
which will be needed throughout the paper. 

C3) feC^iGr). 

C4) rnf = 0. 

C5) (V<l>(x), f{x)) 7^ if X G r U 9r and f{x) ^ 0. 
C6) (V^x), /(x)^ ^ if X G f U af and /(x) ^ 0. 

2 Existence and Uniqueness 

Definition 2.1 A function x{t) e VC^{T) with a set of discontinuity points 
{9i} C T is said to be a solution of (Op on the interval T C M if it satisfies the 
following conditions: 

(i) equation (Qp is satisfied at each pointt G T\{9i} and x'{6i—) = f{x{{6i))),i G 
A, where x'{6i—) is the left-sided derivative; 

(ii) x(^i+) = J(x((^i)) for all 9i. 

Theorem 2.1 Assume that conditions CI) — C6) hold. Then for every xq E D 
there exists an interval (a, 6) C M, a < < 6, such that the solution x{t) = 
x{t, 0, Xo) of (OJj exists on the interval. 

Proof. To prove the theorem we consider the following several cases. 

(a) Assume that Xq ^ T U F U dTUdV. Then there exists a number e > such 
that B{xo,e) fl (F U F) =0. Therefore, by the existence and uniqueness 
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theorem [3^, the solution exists and is unique on an interval {a,b) as a 
solution of the system 

y' = f{y)- (2) 

(b) If xo G r then x(0+) G f . Assume that x(0+) G dT, then by C5) the 
solution can be continued continuously to a moment b > . If x(0+) ^ SF, 
then there exists a number e > such that B{x{0+), e)nT = and x(t) can 
be continued again to the right continuously. Let us consider decreasing 
t now. If xq G dr then by C6) x(t) exists on an interval (a, 0] and is 
continuous . 

If Xq ^ dt then there exists e > such that B{xo, e) fl F = and, hence, 
x{t) can be continued to a moment a < as a solution of 0. 

(c) We can discuss the case Xq G F similarly to the previous one. 

(d) Assume that Xq G 9F\(9r. If xq G F then (c) implies that x{t) is continuable 
to a moment a < 0. Othewise there exists a number e > such that 
B{xo,e) n F = 0. Hence, the solution x{t) can be continued to a moment 
a < as a solution of (j21) without a meeting with F. Condition C5) implies 
that x{t) can be continued to a moment 6 > as a solution of again 
without any meeting with F. 

(c) The case Xq G dT\dT can be considered similarly to the previous one. 

(e) Assume that Xq G dTndT. Conditions C5) and C6) imply that there exist 
real numbers a,b,a < < b, such that x(t) is a continuous solution of ((T)) 
on the interval (a, b) and is unique. 

It is obvious that the existence is valid if /(xq) = 0. The uniqueness of the 
solution for all cases (a) — (/) follows from the theorem on uniqueness for ordinary 
differential equations [2SJ and invertibility of the function J. 
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3 Continuation of solutions 

Definition 3.1 ^4 solution x{t) : [a, oo) W,a G M, o/ (OP is said to be 
continuable to oo. 

Definition 3.2 A solution x{t) : (-00,6] W,h G M, 0/ HP is said to he 
continuable to —00. 

Definition 3.3 A solution x{t) of (Op is said to be continuable on R if it is 
continuable to 00 and to —00. 

Definition 3.4 A solution x{t) = x{t,0,XQ) of (OP is said to be continuable to 
a set S C M" as time decreases (increases) if there exists a moment G M, such 
that ^ < > 0) and x{^) G S. 

Denote by B{xo,C,) = {a; G M"|||a; — a^oH < C,} sl ball with centre xq G M" and 
radius G M. 

The following Theorem provides sufficient conditions for the continuation of 
solutions of ((H). 

Theorem 3.1 Assume that 

(a) Every solution y{t,0,xo),xo G -D, 0/ (0) is either continuable to 00 or 
continuable to T as time increases; 

(b) For every a; G F there exists a number ex such that B{x, e^) fl F = 



Then every solution x{t) = x(t, 0, Xq), G D, of (Op is continuable to 00. 

Proof. Let x{6i+) G F for fixed i. Assume that there exists a number ^> 9i such 
that \\x{^) — x(6'j+)|| = ex{ei+) (otherwise x{t) is continuable to 00 ). Then 



(c) inf(^,^^)grx(o,oo) 



SUPB(x, 6^)11/(^)11 



^ > 
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and ea;(e,+) < - 9i) < M^(^e,+) iPi+i - Oi) ■ The last inequality implies 

that — 9i> 9 for all i. That is 9i is a sequence of (3— type if > 0. 
In a similar manner one can prove that the following theorem is valid. 

Theorem 3.2 Assume that: 

(a) every solution y{t, 0,Xo), Xq G D, of (0j is continuable either to — oo or to 
r as time decreases; 

(b) for every a; G F there exists a number e^; > such that B{x, e^;) fl F = 0; 

((^) inf(^,,,)efx(o,^) supB(.,'jl/Wll = ^ > 0- 
Then every solution x{t) = x(t,0,Xo),Xo G -D, o/ (OP continuable to — oo. 

Theorems 13.11 and 13.21 implv that the following assertion is valid. 

Theorem 3.3 Assume that 

(a) every solution y(t,0,Xo),Xo G -D, of ^ satisfies the following conditions: 

(al) it is continuable either to oo or to T as time increases, 
(a2) it is continuable either to —oo or to F as time decreases; 

(b) for every a; G F there exists a number e^; > such that B{x, e^) fl F = 0; 
bf) for every x G F there exists a number > such that B{x, e^) fl F = 0; 

(c) mf (^^,^)gf xR sups(.'j|/(x)|i > 

Of) mf(..,.)grxi. s„p,(,;:)||/wi| > 0- 
Then every solution x{t) = x{t,0,Xo), Xq G D, of (Op is continuable on M. 

Let us introduce a distance between two sets A, B C M."^ as dist{A, B) = 
inf{||a-6|||a G A,b E B}. 

Other sufficient conditions for the continuation of solutions of are provided 
by the following theorems. 
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Theorem 3.4 Assume that 

(a) Every solution y{t, 0,xo), Xq E D, of ^ satisfies the following conditions: 

(al) it is continuable either to oo or to T as t increases; 
(a2) it is continuable either to —oo or to T as t decreases; 

(b) sup^ |/(a;)| < +00; 

(c) dist{r,r) > 0. 

Then a solution x(t,0,Xo),Xo E D, 0/ ([TJj is continuable on M. 

Proof. Fix xq & D and let x(t) = x{t,0,Xo) be the solution of (P). According to 
Definition 11.11 we shall consider the following three cases: 

A) If x(t) is a continuous solution of then it is a solution of Q and, hence 
is continuable on M. 

B) Denote by ^max and ^min the maximal an minimal elements of the set {6i} 
respectively. Consider t > 6'max- By the condition on J the value x{9jaax+) = 
J(x(^^max— )) ^ D and the solution x(t) = y (t,9raa.x,x{9raa.x+)), where y is the 
solution of (j21) and is continuable to 00. For t < O^i^ one can apply the same 
arguments to show that x(t) is continuable to —00. 

C) Three alternatives exists. Let us consider them in turn. 

Ci) If the sequence {9i} has a maximal element 6'max ^ R, then using B) it is 
easy to prove that x{t) is continuable to 00. Let t be decreasing. We have that 



Denote sup^ \f{x) \ = M and dist(T, f ) = a. Then Q impies that < {9i+i — 9i) . 
Hence -^{i — io) > (^i ~ ^io) ? where zq is fixed. The last inequality shows that 
9i —00 as z ^ —00. Thus, x(t) is continuable to —00. 




(3) 
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C2) Assume that the sequence {6i} has a minimal element ^^min G R- Then 
the arguments of B) indicate that x{t) is continuable to —00. For increasing t 
we have that 



< i^i+i — Gi) or — io) < {Oi — 9i^^), where io is fixed. Hence, 6*4 — 00 as 
i 00. That is, x{t) is continuable to 00. 

C3) Assume that {6i} has neither a minimal nor a maximal element. The 
result for this case follows from ci) and C2). The proof is complete. 

Theorem 3.5 Assume that 

(a) Every solution y{t,0,Xo),Xo G D, of ^ is continuable either to 00 or to T 
as time increases; 

(h ) there exists a neighbourhood SofVinD such that 

(hi) dist{T,dS) > 0; 
(b2) snps \\f{x)\\ < 00; 
(b3) f n 5 = 0. 

Then every solution x{t) = x{t,0,xo),Xo E D, 0/ (Op is continuable to 00. 

Proof. Denote d = dist{T,dS) and M = supg • For fixed i one can see 

that 



x{9i+i) = x{9,+) + / f{x{s))ds. 
Je, 

Condition 63) implies that d < \x{di+i) - x{di+)\ < M{9i+i-9i). Thus 61^+1 -6*^ > 
> for all i. Further discussion is fully analogous to the proof of the last 
Theorem. 

Similarly, one can prove that the following assertion is valid. 
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Theorem 3.6 Assume that: 

(a) every solution y{t,0,Xo),Xo € -D, 0/ (0j is continuable either to —00 or to 
r as time decreases, 

(b) there exists a neighbourhood SofTinD such that: 

(bl) distiV.dS) > 
(b2) sup^||/(a;)|| < 00 
(b3) r n ^ = 0. 

Then every solution x{t) = 0,Xo),Xo € D, of (OP is continuable to —00. 

Using the conditions of both Theorems 13 . 51 and 13 . 61 one can formulate the follow- 
ing assertion. 

Theorem 3.7 Assume that: 

(a) every solution y{t,0,Xo),Xo G D, of ^ satisfies the following conditions: 

(al) it is continuable either to 00 or to T as time increases; 
(a2) it is continuable either to —00 or to V as time decreases; 

(b) there exists a neighbourhoods S and SofV and V in D, respectively, such 
that: 

(bl) dist{T,dS) > 0, dist{f,dS) > 0; 
(b2) snps^s\\fix)\\ < 00; 

(bs) tns = (ls,Tns = (ls. 

Then every solution x{t) = x{t,0,Xo),Xo G -D, 0/ (OP is continuable on M. 
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4 The Group Property 

Consider a solution x{t) : M. ^ M" of (^. Let {6i} be the sequence of dis- 
continuity points of x{t). Fix G M and introduce a function ?/'(t) = x{t + 6). 

Lemma 4.1 The set {6i — 6} is a set of all solutions of the equation 

Hm) = 0. (5) 

Proof We have that - 6)) = -6) + 6)) = ^{x{e,)) = 0. Assume 

that t = is a solution of (0), then ^{x{ip + 9)) = ^{ip^ip)) = 0. That is, {p + 9 is 
one of the numbers {6i} . Let ip + 6 = 6j, then ip = 6j — 9. The lemma is proved. 
The following condition is one of the main assumptions for DFs. 

C7) r, f c dG. 

Lemma 4.2 Assume that CI) — C7) hold. Then x{—t, 0, x{t, 0, xq)) = xq for all 
xoe D,teR. 

Proof. Consider only t > 0, as t < is very similar to the first case and 
t = is primitive. If the set {6i} is empty then proof follows immediately 
from the assertion for DS [1 . One can see that it remains to check the equality 
x{9i—, 0, x{9i+)) = x{6i) is vahd for all i, and the condition x(— 6'i, 0, x{6i, 0, Xq)) = 
Xq is fulfilled. The first one is obvious because of invertibility of J. Let us 
consider the second one. Denote x{t) = x{t,0,xo),x(t) = x(t,0,x{9i)). Since 
x{9i) G r,r n r = 0, the solution X moves along the trajectory of Q for de- 
creasing t. And it could not meet F if t > —9i. Indeed, assume on the con- 
trary that there exists 9, —9i < < 0, moment where x intersects F. Then 
x{9+) = x{9+9i) = x{9+9i+). Asx{9+9i) is a point oft C dD and f is smooth, 
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then x'{e + Oi) is tangent to T at x{e+). That is (v^{x{e+))J{x{e+))j = 0. 
Thus we have obtained contradiction with C6). The Lemma is proved. 

Lemma 4.3 If x{t) : T ^ W is a solution of (OP then x{t + 6),6 eR, is also a 
solution of ([ip. 

Proof. 

(a) From the last lemma it follows that = x{t+6) is continuous on the interval 
{6, - e, e,+i - e],i e Z. Fix i e Z, and consider t e {6, - 6, e,+i - 0] . We 
have that t + 9 E {0i,9i^]\ and in the same manner as for DSs one can 
verify that ip'{t) = f{ip{t)). That is, the equation ((H) is satisfied by x{t + 6) 
for alH 7^ — 6*, z G Z, if we mean the left sided derivatives. 

(b) For fixed i we have that ^'(6'^ - 9+) = x{'ip{9i - 9+) + 9) = x{9i+) = 
J{x{9i)) = J{il){9i — 9)). Thus, one can see that the impulsive equation in 
(Q) is also satisfied by a;(t + 9) and this completes the proof. 

Lemmas 14.1114.31 imply that the following theorem is valid. 

Theorem 4.1 Assume that conditions CI) — C7) are fulfilled. Then 

x{t2,x{ti,xo)) = x{t2 + ti,Xo), (6) 

for all ti,t2 e M. 

5 Continuous dependence of solutions on initial 
values 

Let : [a, b] -> W, a < < b, he a solution of (HJ, x°(t) = 0, xq), 9^, i = 
—k, . . . , —1, 1, . . . , m, are the points of discontinuity of x^(t), such that a < 9^k < 
. . . < 9^1 < Q < 9i < . . . < 9rn < b. Denote by x{t) = x(t, 0, x) another solution 

of dH). 
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Definition 5.1 The solution x{t) : [a, b] — >• M" is said to be in an e-neighbourhood 
ofx\t) if: 

1. every point of discontinuity of x{t) lies in an e-neighbourhood of a point of 
discontinuity of x^{t); 

2. For each t e [a, 6] which is outside of e-neighbourhood of points of discon- 
tinuity of x^{t) the inequality ^x^{t) — x{t)^ < e holds. 

Definition 5.2 Hausdorjf's topology, which is built on the basis of alle-neighbourhoods, 
< e < oo, of piecewise solutions will be called B[a,b]-topology. 

Theorem 5.1 Assume that conditions Cl)—C7) are satisfied. Then the solution 
x{t) continuously depends on initial value in B[a,b] topology . 
Moreover, if all 9i, i — —k, . . . , —1, 1, . . . , m, are interior points of [a, b] , then, 
for sufficiently small \ \xo — x\\, the solution x{t) = x{t,0,x),x{t) : [a,b] — >• M", 
meets the surface F exactly m-\- k — 1 times. 

Proof. We consider only the section [0,6]. The closeness of x(t) and x^(t) on 
[a, 0] can be considered similarly. There are two cases: a)xo G F; b)xo ^ F. We 
start with the first one. 

Assume that x{b) ^ F. In other words, t = b is not the discontinuity point of 
x^{t). From C7) it implies that x{b) ^ dT too. For a positive number a & Rwe 
shall construct a set in the following way. Let 

F'a = {{t, x)\t G [0, b], \\x — a;''(t)|| < a}, Gi{a),i = 0, m + 1, be a-neighbourhoods 
of points (0, Xo), {9i,x{9i)),i — l,m, (6, a;°(6)) in MxE" respectively, andGj(Q;),i — 
l,m, be a-neighbourhoods of points {9i,x^{9i-\-)) respectively. Denote 

= U (u-+iG,(a)) U {\JT=iGi{a)) 

Take a = h sufficiently small so that G'^ G Gf x G^ where Gt is an interval such 

that [0, b](lGt. 

Fix e e R, < e < /i. 
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1. In view of the theorem on continuous dependence on parameters there 
exists (5m € -R, < (5m < e, such that Gm i^m) H F = and every solution 
Xmif) of (j21), which starts in Gm{^m)^ is continuable to t = 6, does not 
intersect F and 

\\Xm{t) -x^{t)\\ < e 

for those t. 

2. The continuity of J imphes that there exists 6m & R, < 6m < such that 
(k, x) G Gm(am) imphes (k, x + J{x)) G Gm(am) n D. 

3. Using corollarv l6.11 continuous dependence of solutions on initial data, one 
can find 6m-i,0 < 6m-i < e, such that a solution Xm-i(t) of Q, which 
starts in G'm-i(am-i) H D , G'm-i(ttm-i) H F 7^ 0, intersects F in Gm{cim) 
(we continue the solution Xm-i{t) only to the moment of the intersection) 
and \\xm-iit) — x^(t)\\ < e for all t from the common domain of Xm~i(t) 
and x^{t). 

Continuing the process for m — 2, m — 3, . . . , 1, one can obtain a sequence of 
families of solutions of (j2I) Xi{t),i = l,m, and a number (5 G M, < (5 < e, such 
that a solution x{t) = x{t, 0, x), which starts in Go{6)r\D, coincides over the first 
interval of continuity, except possibly, the (5i-neighbourhood of 61, with one of the 
solutions Xi{t). Then on the interval [^i, 62] it coincides with one of the solutions 
X2(t), except possibly, the 5i-neighbourhood of 6*1 and the 52-neighbourhood of 
02, etc. Finally, one can see that the integral curve of x(t) belongs to G", it 
has exactly meeting k points with F, 6}, i = l,m, \6l — di\ < e for all i and is 
continuable to t = b. 

If G F, then it is easy to see that x{t) has either a discontinuity points 
9m < Om or only m — 1 discontinuity point 6'^^, i = 1, m — 1 in [0, h] . 
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Assume that xq G F. In this case t = is a jump moment for x^{t) and 
x(0+) ^ r, that is = 9i. We assume that x^(t) has points of discontinuity 



9i,i = l,m. Similarly to the previous case one can find the 5i-neigbourhood 
^(^i) of the point {6i,x{6i)) which serves the same role as 6i in the first case. 
That is, if (k, x) G G{6i) fl D then the solution x(t) belongs to the e— neighbour- 
hood of x^(t) in B[a,b]— topology. Now, using condition C5) and continuity of / 
and J, it is easy to find 6,0 < 6 < e, such that every solution x{t) of ([Q) which 
starts in 6— neighbourhood of (0, xq) in D, intersects F in Gi{6i) fl D. 
For the case a < t < we only should remark that similarly to < t < 
b for a given e > one can find 6' such that (0, x) G Go (^') implies that 
x{t, 0, x) is in the e-neighbourhood of in B[a, 0]-topology. Finally, if (5(e) = 
min (5, 6') and (0, x) G Gq (5(e)) then x(t, 0, x) is in the e— neigbourhood of a;°(t) 
in i? [a, 6]— topology. The theorem is proved. 

6 equivalence 

Let us introduce the following functions r = r(x) and \1' = \l'(x) which will be 
needed throughout the rest of the paper. Fix /t G M. Denote by x(t) = x{t, 
solution of (j21), T = t{x) the moment of the first meeting of x{t) with the surface 
F as t increases or decreases and f = f (x) the moment of the first meeting of 
x{t) with the surface F as t increases or decreases. 

Lemma 6.1 r(x),f(x) g G^. 

Proof. Let us consider 

r as for f the proof is similar. Differentiating $ (x (r, k, x)) = 0, and using 
C5) one can get that 

— = - / [x [T, K, X)) 7^ 

t=T ox 



dr dx dt 
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The proof of the lemma follows immediately from the implicit function theorem 
and conditions on 

Corollary 6.1 r(x),f(x) are continuous functions. 

Now let xi = x{t,T,x{T)) + J{x{t)),xi = x(t,f,x{f)) + J~^{x{f)) be also solu- 
tions of (0). Define functions \E'(x) = = 

Similarly to Lemma f6.H one can show that the following assertion is valid. 
Lemma 6.2 '^{x),^{x) e 

Consider the solution : [a,h] ^ i?", a < < 6, of (P) again. This time 
we assume that all points of discontinuity {9i\ are interior points of [a, 6]. That 
is, a < and 6^ < b. 

The following system of impulsive differential equations is very important in 
sequel 

y{t) = fiy), t^9,, 

y{e,+) = W^{y{e,),hrt>0, 

y{ei) = WMOi+),iort<0, (7) 

where the function / is the same as in and the maps Wi, Wi will be defined 
below. The following condition will be nedeed in the rest of our paper. Without 
loss of generality, assume that there exists ri G M, < ri < r, such that the ri — 
neighbourhoods Gi(ri) of {6i,x^{6i)) do not intersect each other. In view of C5), 
one can suppose that ri is sufficiently small so that every solution of (j21) which 
starts in G'j(ri) intersects F in G'j(ri) exactly once as t increases or decreases. 
Fix i = l,...,m and let ^(t) = x(t,9i,x), {9i,x) G Gi{ri), be a solution of 
Q and Tj = Ti{x),Ti > 9i or Xj < ^j, be a meeting time of ^(t) with F and 
%lj{t) = x{t,Ti,^{Ti) + J{^{Ti)) be another solution of Denote Wi{x) = ip{9i). 
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One can see that 

w,{x) =x+ r f{as))ds + + r f{as))ds) + r /(^(s))^^ (s) 

is a map of an intersection of the plane t = 6i with Gi{ri) into the plane t = 6i. 
Similarly for i = —k,...,—l, if we denote by ^(t) = x(t,9i,x) and = 
x(t,fi,^{fi) + J^^{^{Ti)) corresponding solutions of 0, then 

Wi{x) =x+ r f{as))ds + J-\x + /" ' + /" ' f{'4^{s))ds (9) 



The functions VFj, Wi are the maps \1/ and ^ respectively defined in the begin- 
ning of this section with k, = 6i. Hence, Lemma 16.21 implies that all Wi,Wi are 
continuously different iable maps. It is obvious, that for sufficiently small ri, 
Wi{x),Wi{x) G Gr- Further, {a, (3], {a, (3} C R, stands for an oriented interval, 
that is 

(ad] = / ("'/^] if « < 

[ otherwise. 

Let x{t) be a solution of ((T)), x(t) = x{t,a,x{a)), and x(t) be close to x^(t) in 
Bia,b] — topology so that x(t) has exactly m—k points Tj, i = —k, . . . , —1, 1,2, ... ,m, 
of discontinuity in [a, b] . Denote by G{h) an /;,— neighbourhood of the point x*'(0). 



Definition 6.1 The systems (Op and ^ are said to be B~ equivalent in G''^ if 
there exists h & R,0 < h, such that: 

1. for every solution x{t), such that x{0) G G{h), the integral curve of x(t) 
belongs to G^^ and there exists a solution y(t) = y(t, 0,x{0)) of ^ which 
satisfies 

xit)=yit),tE[a,b]\nt.kir^,\]. (10) 

Particularly, 

x(9 ) = S y^^'^' - 

(11) 



yiOi), if6i<Ti, 

y{Of), otherwise, 

x{Ti), ifOi > Ti, 

x{Tj^), otherwise. 
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2,. Conversely, if ^ has a solution y(t) = y{t, 0, x(0)), x(0) G G{h), then there 
exists a solution x{t) = x{t,0,x{0)) of (0|) which has an integral curve in 



Proof. The proof follows immediately from (jH)) and Q. 

Theorem 6.1 Assume that conditions CI) — C7) are fulfilled. Then systems 



Proof. Assume that ri > is sufficiently small so that Wi, i = —k, . . . , —1, 1, . . . , m, 
are defined. Let us check only the first part of Definition 16.11 as for the sec- 
ond one the proof is analogous. Theorem 15.11 implies that there exists a small 
h,0 < h < Tl, such that if ||a; — Xo|| < h and x E D, then the solution 
x{t) = x{t,0,x) belongs to H Ct x D, where ri > has been chosen for 
Wi above. Assume that h is sufficiently small so that x{t) has exactly m + k — 1 
moments of discontinuity t = Ti,i = —k, . . . , —1, 1, . . . , m. Without loss of gener- 
ality, we suppose that 9i > t-i for all i and x(0) is not the point of discontinuity. 
It is obvious that we need only to prove the theorem for [0,6], as for [a, 0] the 
proof is similar. Consider the solution y{t) = x{t, 0, x(0)) of (|7j). By the theorem 
on existence and uniqueness the equality 



and (ETp holds. 



Lemma 6.3 xo{t) is a solution of (0) and (0) simultaneously. 



(Op and are B-equivalent in C^^ if ri is sufficiently small. 



x(t) = y{t) 



(12) 



on [0, Tl] is valid. Since {ti,x{ti)) G we have that 




n 



(13) 



is defined and, moreover. 




(14) 
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Using (fT ^ -(fT ^ one can obtain that 



y{e,+)=x{n)+ f(y(s))ds+ f{y{s))ds 



+J(l/(ri))+ / f\x{s))ds = x{e^). 

Jti 

Now, defining x{t) and y{t) as solutions of (0) witli a common initial value x{6i), 
one can see that x{t) = y{t),t G {6i,T2]. Continuing in the same manner for all 
t G [0,6] one can show that y{t) is continuable tot = b and (fTUI) holds. Moreover, 
it is easily seen that for sufficiently small ri the integral curve of y{t) belongs to 
Gr- The theorem is proved. 

7 Differentiability of solutions in initial value 

Let us define derivatives of functions Ti{x), Wi{x),i = 1 . . . ,m, and fj(x), Wi{x), i = 
—k, . . . , —1, which were described in Section|BJ at the points {x^{6i)) and (x°(6'j+)) 
respectively. We start with derivatives of Ti{x) and fi{x). One should empha- 
size that Tj, fj are maps r, f defined in Section IHl with n = 6i. The equalities 
^{x{Ti{x))) = 0,^{x{fi{x))) = imply that 

^,ix\9,))f{x\9,))dn + f2 ^A^'m^^dx,, 

j=i 1 

^A^'ie,+))fix\e,+))dT, + ^l>.(x°(g,+)) ' dx,. 

j=i J 

Using the last expression, one can obtain that 



dx, ^Ax^{e,))f{x%e,)y 



(15) 



Similarly, for Wi the following expression is valid 

dxj ^ dxj dx ^ dxj dxj^ 

dxj ^ dxj dx ^ dxj dxj ' 
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where Cj = (0, . . . , 1, . . . , 0) and the unit is j— th coordinate. Assume that x^{t) : 
[a,b] M" is the solution of (jT} and ((Zj). Moreover, systems (jT} and ((Zj) are 
i?— equivalent in C' and there exists 6 & R,6 > 0, such that every solution which 
starts in Go{6) is continuable tot = b. Without loss of generality, assume that all 
points of discontinuity of x^{t) are interior. Denote by Xj{t),j = l,n, a. solution 
of dH) such that Xj(to) = xo + ^Cj = (x?, X2, . . . , x^-i, + ^, a^j+i, • • • , ^ G R, 
{tQ,xo + ^ej,yUo) G Co(5) and let be the moments of discontinuity of Xj(t). By 
Theorem 15.11 for sufficiently small |^| the solution Xj{t) is defined on [a,b]. 

Definition 7.1 The solution x^{t) is said to be differentiable in x^,j = l,n, if 

A ) there exist such constants Uij, i = —k, . . . , —1, 1, . . . , m, that 

Oi-0i = iyi,^ + o{m (17) 

B) for all t G [a, b] \ U™ {Oi, Oj], the following equality is satisfied 

x,{t)-x\t)=u,{t)^ + om, (18) 

where Uj{t) is a piecewise continuous function, with discontinuities of the first 
kind at the points t = 6i,i = —k, . . . , —1, 1, . . . , m. 

The pair {itj, is said to be a B — derivative of x^(t) in initial value Xq 

on [a, b]. 

Lemma 7.1 Assume that conditions CI) — CI), then the solution x^{t) of ^ 
has B— derivatives in the initial value on [a,b]. Moreover: 
1) Uj,j = l,n, are solutions of the linear system 

^ = f,(x\t))u, t^9,, 

u{e,+) = wux%e,))u{e,),zft > 0, 

uiOi) = W^„(a;°(e,+))M(^,+), zfi < 0, (19) 

with the initial conditions M(to) = = l,n, respectively and constants = 
0, for alii, j. 
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Proof. Fix p = l,n. We shall prove the Lemma only for the derivative in Xg and 
for t > 0. Let yp(t) = y(t, to, xo+^Cp, /io). By the theorem on differentiability with 
respect to parameters [Sn] we have that yp(t) — a;°(t) = Up{t)C, + p{^), p(0 = 
o(l^l), for all t e [0,9i]. Particularly, yp{9i) - x%9i) = Up{9i)^ + p{\^\). Then 
yp{9,+) - x%9,+) = W,{yp{9i)) - W,{x%9i)) = WUx%9i))){up{9,)^ + p(0] + 
pi(^). Since pi = o(|^|), we have that i/p(6'i+)— x°(6'i+) = Up{9i+)^+pi{^), where 
Pi = ^(I^D- Denote by U{t),U{9i) = I, the fundamental matrix of solutions of 
the system u'{t) = /^(x°(t)). Using the theorem from jSH] again one can obtain 
that for all t G (6*1, 6*2] the following relation is true ?/p(t) —x°(t) = U{t){yp{9i+) — 
x'>{9i+))+p{yp{9i+)-x^{9i+)) = U{t)up{9,^+)^ + P2{0=Upm + P2{0,^^eTe 
P2 = o(l^l). Continuing the process we can prove that (fTHj) is valid. Formula (fTTj) 
involving constants u^^ is trivial. The Lemma is proved. 

Theorem 7.1 Assume that conditions Cl)—C7) are satisfied. Then the solution 
x^{t) of (OJj has B— derivatives in the initial value on [a, 6]. Moreover: 

Uj{t),j = l,n, are respectively solutions of the equation with the initial 



conditions u{to) = ej,j = l,n, and 



^ii = — 5 ? = 1, n, « = 1, m, = —- , ? = 1, n, « = —k, — 1. 

' <l>Ax%9,+))f{x%9,+)y' 



The proof of the theorem follows immediately from Theorem 16. 11 Lemma mi and 
formulas (fTHll . (ITHl). 

Remark 7.1 Higher order smoothness of DDS is considered in ISlL 

8 Conclusion 

Let G C M" be an open set and F, F be disjoint subsets of G. Denote D = 
GUFuf. 

Definition 8.1 We say that a B— smooth DF is a map (j) -.Rx D ^ D, which 
satisfies the following properties: 
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/) The group property: 
(i) 0(0, x) : D —>■ D is the identity; 

(a) (j)(t, 0(s, x)) = (pit + s, x), is valid for all t, s G M and x E D. 

II) IfxeDzs fixed then (pit.x) G PC^(M), and 0(^i,a;) G r,0(^i+,x) G f 
for every discontinuity point 9i of (j){t,x). 

III) The function (j){t, x) is B— difjerentiable in x E D on [a, 6] C M for 
every {a, b} C M, assuming that all discontinuity points of (f){t, x) are interior 
points of [a, b]. 

One can see that the system defines a B— smooth DF provided conditions 
CI) — C8) and the conditions of one of the continuation theorems are fulfilled. 

Definition 8.2 We say that a DF is a map (f) : R x D ^ D, which satisfies 
the properties I), II) of Definition \8. l\ and the following conditions are valid: 

IV) IfxeDzs fixed then (f){t,x) G PC(M), and G r,0(^i+,a;) G f 
for every discontinuity point 9i of (f){t,x). 

V) The function (j){t, x) is B— continuous in x E D on [a, 6] C M for every 
{a,b} C M. 

Comparing definitions of the B— differentiability and the B— continuity one can 
conclude that every B— smooth DF is a DF. 

9 Examples 

Example 9.1 Consider the following impulsive differential equation 

x[ = axi - (3x2, 4 = f3xi + ax2, if {x{t) ^ T A t > 0) V (x(t) ^ f A t < 0), 
xi{t+) = VSxiit-) - X2{t-), X2{t+) = xi{t-) + V3x2{t-), if x{t) G r A t > 0, 
xi{t-) = ^xi(t+) + ^X2{t+), X2{t-) = -^xi{t+) + y^X2{t+), if x{t) G f A t < 0, 
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where V = {{xi,X2)\x2 = ^xi,xi > 0},T = {{xi,X2)\x2 = ^xi,xi > 0}, 
constants a,P are positive. One can see that = X2 — = {axi — 

/3x2, f3xi+ax2), J{x) = {\^Xi—X2, Xi+\^X2). We assume that G = {(xi,X2)||xi < 
X2 < ^xi,xi > 0}. One can verify that the functions and the sets satisfy 
CI) — CI). Let us check if the conditions of Theorem V^.'A hold. Fix a; G F. Then 
dist{x, r) = || |x| I and | | = a/ {axi — 13x2)"^ + + ax2)'^ = a/o^ + |a;| |. 
Thus sup = a/c^^ + + = Ia/o^T^I |x| |, and 

mfp^^n^^ — — iTTTT = — 7== > 0. Hcncc, all conditions of a DF for the 

rx(0,oo) sups(,,,^)||/|| ZyJl^P^ ' ^ 

system are fulfilled. 

Example 9.2 Consider the follovjing model for simple neural nets from "^j. We 
have modified its form according to the proposed equation (Ojj. 

x\ = X2, 4 = -/3'^xi, p' = -^p + xi + Bo, if (x(t) ^ r A t > 0) V {x{t) ^ f A t < 0), 
xi{t+) = X2{t-), X2{t+) = X2{t-), p{t+) = 0, tf x{t) G r A t > 0, 
xi{t-) = xi{t+), X2{t-) = X2{t+), pit-) = r, if x{t) G f A t < 0, 

where (3,Bq eM. are constants, V = {{xi,X2, p)\p = r},T = {{xi,X2, p)\p = 
0},$(a;) =p-r, f{x) = {x2, P^Xi, -'jp + Xi + Bq), Jix) = (xi, Xs, r), /3, 7, r > 0, 

2 

are constants. We assume that C = {{xi,X2,p)\0 < p < r,xl + ^ < 1}. In the 
system the variable pit) is a scalar input of a neural trigger and xi,X2, are other 
variables. The value of r is the threshold. One can verify that the functions and 
the sets satisfy CI) — C7) and the conditions of Theorem \3.4\ That is, the system 
defines a DF. 

Example 9.3 Let us consider the following discontinuous system 



x\ = axi - (3x2, 4 = (3xi + ax2, if {x{t) ^ T A t > 0) V {x{t) ^ f A t < 0), 

Xi{t+) = kxi{t-), X2it+) = kx2it-), if x{t) G r A t > 0, 

xi(t-) = ^xi(t+), X2it-) = -ix2(t+), if xit) G f A t < 0, (20) 

rv rv 
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where T = {{xi, X2)\ xl + xl = ri},T = {{xi, X2)\ xl + X2 = kri},a,P,k are 
constants such that af3 < 0, 1 < /e. Assume that G = M^. 

One can see that all conditions CI) — C6) are valid for the system, and so 
are conditions of Theorem \3.4\ But C7) is not fulfilled, and it is easy to see 
that a solution x(t,0,xo) of h2(^) . which starts outside ofT, does not satisfy the 
condition x{—t, 0, x(t, 0, xq)) = xq for all t. Thus does not define a DF. 

10 Acknowledgements 

The authors are thankful to all participants of the Applied Dynamics Group 
Seminar (Institute of Applied Mathematics, Middle East Technical University) 
for helpful discussion. 

References 

[1] D.V. Anosov and V.I. Arnold, Dynamical Systems, Springer- Verlag, Berlim, 
New York, London (1994). 

[2] A.D. Myshkis, On asymptotic stability of the rough stationary points of the 
discontinuous dynamic systems on plane. Automation and remote control, 
62 (9) 1428-1432 (2001). 

[3] T. Pavlidis, A new model for simple neural nets and its application in the 
design of a neural oscillator. Bull. Math. Biophys. 27:215-229, 1965. 

[4] T. Pavlidis and E. Jury. Analysis of a new class of pulse-frequency modulated 
feedback systems. IEEE Trans, on Autom. Control, Ac-10 35-43 (1965). 

[5] T. Pavlidis, Stability of a class of discontinuous dynamical systems Infor- 
mation and Control, 9 298-322 (1966). 



25 



[6] A. A. Andronov, A. A. Vitt, and C. E. Khaikin, Theory of Oscillators, Perg- 
amon Press, Oxford (1966). 

[7] N.M. Krylov and N.N. Bogolyubov, Introduction to nonlinear mechanics, 
Acad. Nauk Ukrainy, Kiev (1937). 

[8] N. Minorsky, Nonlinear Oscillations, D. Van Nostrand Company, Inc. 
Princeton, London, New York (1962). 

[9] A. Halanay and D. Wexler, Qualitative theory of impulsive systems, Repub- 
lici Socialiste Romania, Bucuresti (1968). 

[10] V. Lakshmikantham, D.D. Bainov and P. S. Simeonov, Theory of Impulsive 
Differential Equations, World Scientific, Singapore (1989). 

[11] V.F. Rozhko, On a class of almost periodic motions in systems with shocks. 
Differential Equations (Russian) 11 2012-2022 (1972). 

[12] A. M. Samoilenko and N. A. Perestyuk, Impulsive Differential Equations, 
World Scientific, 

[13] R. Bellman, Mathematical methods in medicine. World Scientific, Singapore 
(1983). 

[14] J. Guckenheimer and P. Holmes, Nonlinear oscillations, Dynamical systems, 
and Bifurcations of Vector Fields, Springer- Verlag, New York (1983). 

[15] C.S. Hsu, Impulsive parametric exitation: Theory, Trans. ASME, Ser. E. 
J. Appl. Meek, 39 551-558 (1972). 

[16] R.F. Nagaev and D.G. Rubisov, Impulse motions in a one-dimensional sys- 
tem in a gravitational force field, Soviet appl. Mech., 26 885-890 (1990). 



26 



[17] Yan-Wu Wang and Jiang- Wen Xiao, Impulsive control for synchronization 
of a class of continuous systems, Chaos: An Interdisciplinary Journal of 
Nonlinear Science, 14 199-203 (2004). 

[18] A. F. Filippov, Differential equations with discontinuous righthand sides, 
Kluwer, Dordrecht (1988). 

[19] P. Ashwin, M. Nicol and N. Kirkby, Acceleration of one-dimensional mixing 
by discontinuous mappings, Phys. A, 310 347-363 (2002). 

[20] L. A. Bunimovich, On biUiards close to dispersing. Math, of the USSR-Sb., 
23 45-67 (1974). 

[21] M. Feckan, Bifurcation of periodic and chaotic solutions in discontinuous 
systems. Arch. Math. (Brno) 34 73-82 (1998). 

[22] Fu, Xin-Chu & P. Ashwin, Symbolic analysis for some planar piecewise 
linear maps. Discrete Contin. Dyn. Syst., 9 1533-1548 (2003). 

[23] A. Katok, J.-M. Strelcyn, F. Ledrappier and F. Przytycki, Invariant mani- 
folds, entropy and billiards; smooth maps with singularities. Lecture Notes 
in Mathematics, 1222, Springer- Verlag, Berlin (1986). 

[24] M. Kunze, Non-Smooth Dynamical Systems, Lecture Notes in Mathematics, 
Vol. 1744, Springer, Berhn-Heidelberg-New York (2000). 

[25] M. Kunze and T. Kiipper, Qualitative bifurcation analysis of a non-smooth 
friction-oscillator model, Z. Angew. Math. Phys., 48 87-101 (1997). 

[26] M. Kunze, T. Kiipper and J. You, On the application of KAM theory to dis- 
continuous dynamical systems, J. Differential Equations, 139 1-21 (1997). 

[27] Ya. G. Sinai, What is ... a biUiard? Notices Amer. Math. Soc, 51 (4) 
412-413 (2004). 



[28] S. Nenov and D. Bainov, Impulsive dynamical systems, In The Second Col- 
loquium on Differential Equations : Plovdiv, Bulgaria, 19-24 August 1991, 
(Edited by D. Bainov et al.), pp. 145-166, World Scientific, Singapore (1992). 

[29] M. U. Akhmetov, On motion with impulse actions on a surfaces. Izv.-Acad. 
Nauk Kaz. SSR, Ser. Fiz.-Mat, 1 111-14 (1988). 

[30] M. U. Akhmetov and N. A. Perestyuk, Differential properties of solutions 
and integral surfaces for nonlinear pulse systems. Differential Equations, 28 
445-453 (1992). 

[31] M. U. Akhmet, On the smoothness of solutions of impulsive autonomous 
systems, (submitted). 

[32] M. U. Akhmet, On the general problem of stabihty for impulsive differential 
equations. J. Math. Anal. AppL, 288 182-198 (2003). 

[33] Devi, J. Vasundara and A. S. Vatsala, Generalized quasilinearization for an 
impulsive differential equation with variable moments of impulse, Dynam. 
Systems AppL, 12 369-382 (2003). 

[34] M. Frigon and D. O' Regan, Impulsive differential equations with variable 
times, Nonlinear Analysis, 26 1913-1922 (1996). 

[35] V. Lakshmikantham and X. Liu, On quasistability for impulsive differential 
equations. Nonlinear analysis, 13 819-828 (1989). 

[36] P. Hartman, Ordinary Differential Equations, Wiley, New York (1964). 

[37] S. Wiggins, Global bifurcations and chaos. Springer- Verlag, New- York, 
Berlin (1988). 



28 



